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AN ISOPERIMETRIC PROBLEM WITH COULOMB REPULSION AND ATTRACTION TO A
BACKGROUND NUCLEUS
JIANFENG LU AND FELIX OTTO
ABSTRACT. We study an isoperimetric problem the energy of which contains the perimeter of a set,
Coulomb repulsion of the set with itself, and attraction of the set to a background nucleus as a point
charge with charge Z . For the variational problem with constrained volume V , our main result is
that the minimizer does not exist if V − Z is larger than a constant multiple of max(Z 2/3,1). The
main technical ingredients of our proof are a uniform density lemma and electrostatic screening
arguments.
In this work, we study an energy functional for three-dimensional setsΩ⊂R3, given by
(1) EZ (Ω) := |∂Ω|+ 1
2
Ï
Ω×Ω
1
|x− y | dx dy −
∫
Ω
Z
|x| ,
where |∂Ω| is the perimeter of the set Ω and Z ≥ 0 is given. Our main result is the following
theorem.
Theorem 1. There exists a universal constant M such that the variational problem
(2) EZ (V )= inf|Ω|=V EZ (Ω)
does not have a minimizer if V ≥ Z +M max(Z 2/3,1).
On the other hand, when the volume of the set is small, the minimizer of the variational prob-
lem exists and is given by a ball centered at the origin.
Theorem 2. There exists a universal constant m such that for any V ≤ Z+m, the unique minimizer
of the variational problem
EZ (V )= inf|Ω|=V EZ (Ω)
for Z > 0 is given byΩ=B(V /|B1|)1/3 (0).
The study of the variational problem (2) is a natural extension of our previous work [16] (see
also the study by Knüpfer and Muratov in [12, 13] and a recent work by Frank and Lieb in [9]), in
particular, Theorem 1 is an extension of the nonexistence result when Z = 0 [16, Theorem 2]. It
turns out that our proof of the extension, presented in Section 1, requires several new ideas. One
of the essential ideas of our current proof is to explore the fact that if Ω has a large volume, far
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away from the nucleus, the nucleus charge should be (electrically) screened, and hence we are
back to the situation without a background potential. To make this idea work, we need to analyze
the electrostatic part of the problem and to use the following density lemma.
Lemma 1 (Density Lemma). Let Ω be a minimizer of (2) of prescribed volume V . Then for all x
such that x ∈Ω in the measure-theoretic sense, namely
(3) |Ω∩Br (x)| > 0, ∀r > 0,
and such that it holds
φx (y) :=
∫
Ω−B1(x)
1
|y − z| dz−
Z
|y | > 0, ∀ y ∈B1(x),
we have
(4) |Ω∩B1(x)| ≥ δ,
where δ> 0 is a universal constant.
Roughly speaking, the lemma states that the minimizing set cannot be too “thin” where the
Coulomb potential generated by the nuclear charge is screened. We emphasize that the constant
δ in the above density lemma is a universal constant, in particular, it does not depend on the
gradient of the Coulomb potential generated byΩwhich is potentially large in the ball.
The proof of Lemma 1 is similar in spirit to that of the density lemma [16, Lemma 4] in our
previous work. However, the previous argument does not apply as competitors are constructed
by deforming the set by a global dilation, which might tremendously increase the energy in the
current case and hence is not useful. We thus have to turn to more delicate arguments that utilize
local deformations of the set. The details are given in Section 2.
The version of Theorem 2 when Z = 0 was proved in [13] and later extended to various settings
by [4, 8, 11, 18] (see also related works in [1, 5, 6, 10, 22, 23]). Theorem 2 extends this type of results
in the presence of an external potential. Our proof is close to the idea in [11] which uses a version
of a quantitative isoperimetric inequality that measures the deficit of a set from a ball by the
Coulomb potential. The proof is given in Section 3.
From the point of view of physics, Theorem 1 is related to the ionization conjecture in quan-
tum mechanics, which states that the number of electrons that can be bound to an atomic nu-
cleus of charge Z cannot exceed Z + 1. Theorem 1 gives an upper bound of the volume of the
set for the nucleus of charge Z in the nonlocal isoperimetric model. The ionization conjecture,
while still open for the Schrödinger equation, has been studied by many authors for different
types of models in quantum mechanics (see e.g. [2, 3, 7, 14, 15, 19–21]). Our study is motivated by
this question, as the model (1) can be understood as a “sharp interface version” of the Thomas-
Fermi-Dirac-von Weiszäcker (TFDW) model, a mean field type approximation of the many-body
Schrödinger equation. See [16] for more remarks on the connection of the nonlocal isoperimetric
model to the TFDW model.
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Notation. For r > 0, we denote by Br (x) the ball with center x and radius r , and Br if the
center is the origin. For 0< r1 < r2, we denote Ar1,r2 (x) the annulus with center x, inner radius r1
and outer radius r2. Similarly Ar1,r2 if the center is the origin. C and c denote generic constants
(in particular, independent of Z and V ) whose value may change from line to line. Moreover, to
avoid specifying unnecessary constants, we will use the notation x . y which stands for x ≤C y
for some universal constant C . We write x ∼ y if both x . y and x & y hold. Finally, we use the
notation x ¿ y to denote that y ≥C x for a sufficiently large constant C .
1. PROOF OF THEOREM 1
In this section we prove Theorem 1 assuming the Density Lemma 1. The proof of the latter is
given in Section 2. We will assume Z > 0, as the case Z = 0 is treated in our previous work [16].
In fact, to ease the presentation, we will assume that Z is sufficiently large, which is the most
interesting scenario for Theorem 1. We will also make the standing assumption that V −Z À Z 2/3
since otherwise there is nothing to prove.
1.1. Electrostatic energy. The first step is to consider the electrostatic part of the energy
(5) Ees(Ω) := 1
2
Ï
Ω×Ω
1
|x− y | dx dy −
∫
Ω
Z
|x| dx.
We define a radius RZ > 0 such that |BRZ | = Z , i.e., RZ = (Z /|B1|)1/3. Let Ees(Z ) be the electrostatic
energy of BRZ :
(6) Ees(Z )= 1
2
Ï
BRZ ×BRZ
1
|x− y | dx dy −
∫
BRZ
Z
|x| dx.
To simplify notation, in the sequel, we denote χZ := χBRZ the characteristic function of the ball
BRZ .
For the electrostatic problem, it is natural to introduce
Definition 2. The Coulomb norm of f is given by
∥∥ f ∥∥C := (Ï f (x) f (y)|x− y | dx dy
)1/2
=
(
4pi
∫ | f̂ (k)|2
|k|2 dk
)1/2
.
The non-negativeness of the norm is obvious from the Fourier representation. The Fourier
representation also yields the duality with the homogeneous Sobolev space H˙ 1(R3):
(7)
∫
f ψ≤ 1p
4pi
∥∥ f ∥∥C (∫ |∇ψ|2)1/2.
The next proposition states that the ball BRZ minimizes the electrostatic part of the energy.
Proposition 3. Provided V ≥ Z , we have
(8) inf
|Ω|=V
Ees(Ω)= inf|Ω|=Z Ees(Ω)= Ees(Z ).
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Proof. For anyΩ⊂R3 with finite volume,
(9)
Ees(Ω)−Ees(BRZ )=
1
2
Ï
χΩ(x)χΩ(y)−χZ (x)χZ (y)
|x− y | dx dy −Z
∫
χΩ(x)−χZ (x)
|x| dx
= 1
2
Ï (
χΩ(x)−χZ (x)
)(
χΩ(y)−χZ (y)
)
|x− y | dx dy
+
Ï (
χΩ(x)−χZ (x)
) χZ (y)
|x− y | dx dy −Z
∫
χΩ(x)−χZ (x)
|x| dx
= 1
2
∥∥χΩ−χZ∥∥2C +∫ (χΩ(x)−χZ (x))u(x)dx
≥
∫ (
χΩ(x)−χZ (x)
)
u(x)dx,
where we have introduced u(x) defined as
u(x)=
∫
χZ (y)
|x− y | dy −
Z
|x| =
2piR2Z + (|B1|−2pi)|x|2−
Z
|x| , |x| ≤RZ ;
0, |x| ≥RZ .
Therefore, we have
Ees(Ω)−Ees(BRZ )≥
∫
BRZ
(
χΩ(x)−χZ (x)
)
u(x)dx ≥ 0
as both χΩ−χZ and u are non-positive inside BRZ . This implies for any V ≥ 0,
inf
|Ω|=V
Ees(Ω)≥ Ees(Z ),
and hence
inf
|Ω|=Z
Ees(Ω)= Ees(Z ).
To get the first equality in (8), notice that for V ≥ Z , we have
inf
|Ω|=V
Ees(Ω)≤ inf|Ω|=Z Ees(Ω)
as we can break the excess volume (V − Z ) into tiny balls and place them far away from each
other and from the origin, such that the Coulomb interaction between them is made arbitrarily
small. 
Going back to the full energy, we note an easy upper bound for the minimum energy of the
variational problem (2).
Lemma 4. For EZ (V ) given as the infimum of the variational problem (2), we have for 0≤V ′ ≤V
(10) EZ (V )≤ EZ (V ′)+E0(V −V ′),
where E0 denotes EZ for Z = 0. Furthermore, for E0, we have
(11) E0(V ).V 2/3+V.
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Proof. The proof of (10) follows a similar argument of [16, Lemma 3(i)] in our previous work. As-
sumingΩ1 andΩ2 are bounded sets that approximately minimize EZ (V ′) and E0(V −V ′) respec-
tively, the inequality is obtained by considering a test set for EZ (V ) that consists ofΩ1∪ (Ω2+d)
with a large shift vector d . We refer the readers to the proof of [16, Lemma 3(i)] for details.
For V ¿ 1, the estimate (11) follows by taking a ball with volume V as the test set. For V & 1,
the estimate follows from the sub-additivity by taking Z = 0 in (10). 
Using Lemma 4, we now prove
Lemma 5. We have
(12) EZ (V )−Ees(Z ).V −Z .
Proof. By taking V ′ = Z in (10), we get
EZ (V )−EZ (Z )≤ E0(V −Z ).V −Z ,
where the last inequality follows from (11) and the assumption that V −Z À Z 2/3& 1. Observing
that
EZ (Z )≤EZ (BRZ )= Ees(Z )+|∂BRZ |,
we arrive at the conclusion since |∂BRZ | ∼ Z 2/3 ¿V −Z . 
With the above a priori bound for the energy, we are now ready to state and prove the main
estimate of this subsection. The estimate states that the minimizer is “close” to the ball BRZ near
the origin. More precisely, we have
Proposition 6. LetΩ be a minimizer of (2). Then
(13) |BRZ −Ω|. (V −Z )1/2Z 1/3,
and also
(14) |Ω∩B2RZ |−Z . (V −Z )1/2Z 1/3.
Note that by definition |BRZ | = Z , so if V is not too large, (13) states that the minimizing setΩ
almost fills the ball BRZ (the difference is of lower order) and (14) states that the minimizing set
Ω has a small volume in the annulus ARZ ,2RZ .
Proof. Without loss of generality, we assume that Z > |B1| such that RZ > 1. Letψ be the function
ψ(x)=

1, |x| ≤RZ −1;
Rz −|x|, RZ −1≤ |x| ≤RZ ;
0, |x| ≥RZ .
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We estimate
(15)
|BRZ −Ω| =
∫
BRZ
(χZ −χΩ)
=
∫
BRZ
(χZ −χΩ)ψ+
∫
BRZ
(χZ −χΩ)(1−ψ)
(7)≤ 1p
4pi
∥∥χZ −χΩ∥∥C (∫ |∇ψ|2)1/2+∫
BRZ −BRZ −1
1
.
∥∥χZ −χΩ∥∥C RZ +R2Z .
To control
∥∥χZ −χΩ∥∥C , recall the calculation (9)
Ees(Ω)−Ees(Z )=Ees(Ω)−Ees(BRZ )=
1
2
∥∥χΩ−χZ∥∥2C +∫ (χΩ−χZ )u.
As shown in the proof of Proposition 3, the second term on the right hand side is non-negative,
and hence
(16)
∥∥χΩ−χZ∥∥2C ≤ 2(Ees(Ω)−Ees(Z ))≤ 2(EZ (Ω)−Ees(Z )).V −Z ,
where we have used Lemma 5 in the last inequality.
Using the bound (16) in (15), we arrive at (recall that V −Z À Z 2/3)
|BRZ −Ω|. (V −Z )1/2Z 1/3+Z 2/3. (V −Z )1/2Z 1/3.
The proof of (14) is similar. We replace ψ by
ϕ(x)=

1, |x| ≤ 2RZ −1;
2RZ −|x|, 2RZ −1≤ |x| ≤ 2RZ ;
0, |x| ≥ 2RZ .
Then,
|Ω∩B2RZ | ≤
∫
χΩϕ
=
∫
(χΩ−χZ )ϕ+
∫
χZϕ
(7)≤ 1p
4pi
∥∥χZ −χΩ∥∥C (∫ |∇ϕ|2)1/2+Z
≤C ∥∥χZ −χΩ∥∥C RZ +Z .
The estimate (14) follows. 
1.2. Charge screening. The central idea of our proof is to screen the background nucleus charge,
so that we may use the argument for the case without the nucleus from [16]. We set the effective
nucleus charge as
Zeff = (V −Z )1/2Z 1/3.
Note that if V −Z ∼ Z 2/3, we have Zeff ∼ Z 2/3. By (13), we have
(17) Z −|Ω∩BRZ | = |BRZ −Ω| ≤ c0Zeff,
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where c0 is a universal constant. Note that by Newton’s theorem, outside the radius RZ , the nu-
cleus charge is screened by the amount of positive charge in BRZ , which is given by |Ω∩BRZ |.
We will establish the following estimate of the volume of a minimizer Ω, which justifies the
terminology of effective nucleus charge.
Proposition 7. LetΩ be a minimizer of (2) of volume V , then
(18) V −Z . Zeff.
Note that Theorem 1 is an easy corollary of Proposition 7: By (18) and the definition of Zeff, we
have
V −Z . (V −Z )1/2Z 1/3,
thus indeed V −Z . Z 2/3. It suffices to prove Proposition 7. Note that we have V −Z À Zeff since
it is assumed (for proof by contradiction) that V −Z À Z 2/3.
We start the proof of Proposition 7 by showing that the nucleus charge is completely screened
far away from the origin. However, Lemma 8 below is qualitative in the sense that it yields no
control on the radius R starting from which we have complete screening. In view of Lemma 1, we
strengthen this complete screening in terms of the modified potential φx that ignores the effect
of the nearby charges: For y ∈B1(x)
φx (y)=
∫
Ω−B1(x)
1
|y − z| dz−
Z
|y | .
Hence φx is the electric potential generated by the nucleus and the setΩ outside the ball B1(x).
Lemma 8. There exists a radius R ≥ 2RZ such that
φx |B1(x) > 0 if |x| ≥R, and |Ω∩BR |−Z . Zeff.
Proof. We take a radius R˜ such that
|Ω∩ ARZ ,R˜ | = 6c0Zeff,
where c0 is the universal constant in (17). Note that if for all R˜ < ∞, |Ω∩ ARZ ,R˜ | < 6c0Zeff, we
would have
V −Z ≤ |Ω−BRZ | ≤ 6c0Zeff,
which contradicts with the assumption V −Z À Zeff. Set R =max(R˜,2RZ ); this choice of R guar-
antees that R ≥ 2RZ . By (14) in Proposition 6 and the choice of R˜, we have
(19) 6c0Zeff ≤ |Ω∩ ARZ ,R |. Zeff.
Together with (13), this implies |Ω∩BR |− Z = |BRZ −Ω|+ |Ω∩ ARZ ,R |. Zeff. Thus, it remains to
verify that φx |B1(x) > 0 if |x| >R. Let us start with an elementary estimate for y 6∈BRZ
(20)
∫
Ω∩BRZ
1
|y − z| dz−
Z
|y | =
∫
Ω∩BRZ
1
|y − z| dz−
∫
BRZ
1
|y − z| dz
=−
∫
BRZ −Ω
1
|y − z| dz
(17)≥ −c0Zeff|y |−RZ
.
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Hence, we have the estimate
φx (y)=
∫
Ω−B1(x)
1
|y − z| dz−
Z
|y |
≥
(∫
Ω∩BRZ
1
|y − z| dz−
Z
|y |
)
+
∫
Ω∩(ARZ ,R−B1(x))
1
|y − z| dz
(20)≥ − c0Zeff|y |−RZ
+ |Ω∩ ARZ ,R |− |Ω∩B1(x)||y |+R
(19)≥ − c0Zeff|y |−RZ
+ 6c0Zeff−|B1||y |+R .
Therefore, as Zeff À|B1|, we have φx |B1(x) > 0 provided that
5(|y |−RZ )> |y |+R
for |y | ≥ |x|− |y −x| ≥R−1, which can be easily checked. 
Rz R
  L
  L
B1(x3)
B1(x2)
B1(xN -1)
B1(xN)
B1(x4)
B1(x1)
FIGURE 1. Screening the nucleus charge by the set of balls B1(x1), . . . ,B1(xN ).
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Because of |Ω∩BR |−Z . Zeff and Zeff ¿V −Z by assumption, there is still substantial charge
outside of radius R. Of this charge we consider the amount of order Zeff closest to the origin,
roughly speaking. As φx > 0 in B1(x) for |x| ≥ R by Lemma 8, we can now apply the Density
Lemma 1 to see that this excess charge is not too scattered. We will use this to further screen the
nucleus charge. Let N be the smallest positive integer which satisfies Nδ ≥ 13c0Zeff, where δ is
the universal constant in (4). We take a sequence of points {x1, · · · , xN } in Ω recursively defined
as follows (see Figure 1):
x1 = argmin
{|x| ∣∣ |x| ≥R, x ∈Ω in the sense of (3)},
and for k ≤N , after x j is chosen for j ≤ k−1, we take
xk = argmin
{|x| ∣∣ |x| ≥R, min
j≤k−1
|x−x j | ≥ 2, x ∈Ω in the sense of (3)
}
.
Since |Ω−BR | = V − |Ω∩BR | À Zeff À 1 from Lemma 8, such a sequence {xk } can be selected.
Also by Lemma 8, for each xk , φxk > 0 in B1(xk ). Using Lemma 1, we obtain
(21)
∣∣∣Ω∩ N⋃
k=1
B1(xk )
∣∣∣= N∑
k=1
∣∣B1(xk )∩Ω∣∣≥Nδ≥ 13c0Zeff.
Defining
L = max
1≤k≤N
|xk | ≥R,
we now further refine our screening estimate by using the balls centered at {xk }.
Lemma 9. We have for all x with |x| ≥ 23 L
(22)
∫
Ω∩(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy −
Z
|x| > 0.
The main point of Lemma 9 is that the additional charges concentrated in the balls
⋃
k B1(xk )
manage to screen the nucleus charge already outside of the radius 23 L, while we know that there
are still charges at radius L. This will be used in Lemma 11.
Proof. For any y ∈⋃k B1(xk ), we have
|x− y | ≤ |x|+ |y | ≤ |x|+max
k
|xk |+1≤ |x|+L+1,
and hence ∫
Ω∩⋃k B1(xk )
1
|x− y | dy ≥
1
|x|+L+1
∣∣∣Ω∩ ⋃
k
B1(xk )
∣∣∣ (21)≥ 13c0Zeff|x|+L+1 .
Combining with the inequality (20) (note that 23 L ≥ 43 RZ > RZ and hence BRZ ⊂ B 23 L), we just
need to show that
13
|x|+L+1 >
1
|x|−RZ
,
which is equivalent to 12|x|−L > 13RZ +1. The lemma follows by observing that 12|x| ≥ 8L and
7L ≥ 7R ≥ 14RZ > 13RZ +1 as RZ ∼ Z 1/3 À 1. 
10 JIANFENG LU AND FELIX OTTO
The proof of Proposition 7 relies on the connectedness of the minimizing set Ω where the
nucleus charge is screened. In connection with Lemma 9 this implies that outside of the radius
2
3 L and away from the points {xk }k=1,...,N , any point inΩmust be connected to the rest ofΩ.
Lemma 10 (Connectedness). Define the set Ω̂ as
Ω̂ :=Ω− (B 2
3 L+H
∪
N⋃
k=1
BH (xk )),
where 1<H ¿ Z 1/3 is any universal constant (to be fixed later). Then for any x ∈ Ω̂ and any radius
r that 0< r <H −1, we have ∣∣∂Br (x)∩Ω∣∣> 0.
Proof. Suppose for some x ∈ Ω̂ and some r
(23)
∣∣∂Br (x)∩Ω∣∣= 0.
By comparing the energy of the minimizerΩwith the set that consists ofΩ−Br (x) and a transla-
tion ofΩ∩Br (x) far away so that the two pieces are well separated, we obtain by minimality
(24) EZ (Ω)≤EZ
(
Ω−Br (x)
)+E0(Ω∩Br (x)).
We now show that (24) cannot be true since the new configuration has the same interfacial
energy thanks to (23) and strictly less electrostatic energy, as we shall presently argue. Note that
for y ∈Br (x), thanks to r <H −1
|y | ≥ |x|− |y −x| ≥ 23 L+H − r > 23 L.
Therefore,
Br (x)∩B 2
3 L
=;,
and hence (22) in Lemma 9 holds on Br (x).Also for each k, we have dist(x,B1(xk )) ≥ H −1 > r ,
and thus
Br (x)∩B1(xk )=;.
The last two statements combine to
(25) Ω−Br (x)⊃Ω∩
(
B 2
3 L
∪
N⋃
k=1
B1(xk )
)
.
Finally, we get
EZ (Ω)−EZ
(
Ω−Br (x)
)−E0(Ω∩Br (x))= ∫
Ω∩Br (x)
∫
Ω−Br (x)
1
|y − y ′| dy
′dy −
∫
Ω∩Br (x)
Z
|y | dy
(25)≥
∫
Ω∩Br (x)
∫
Ω∩(B 2
3 L
∪⋃k B1(xk ))
1
|y − y ′| dy
′− Z|y |
 dy (22)> 0.
The contradiction with (24) concludes the proof. 
Lemma 11 now shows that because there is a point inΩ at distance L (namely xN ) and in view
of the connectedness from Lemma 10, there is a substantial amount of excess volume outside of
2
3 L and away from the {xk }k=1,...,N .
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Lemma 11. We have for Ω̂ defined in Lemma 10∣∣Ω̂∣∣&V −Z .
Proof. By definition,
∣∣Ω̂∣∣≥ |Ω|− |Ω∩B 2
3 L+H
|−
N∑
k=1
|BH (xk )| =V −|Ω∩B 2
3 L+H
|−
N∑
k=1
|BH (xk )|.
Since N ≤ 10c Zeff/δ+1. Zeff, we have
N∑
k=1
|BH (xk )|.H 3Zeff.
Thus, as by assumption V − Z À Zeff and H being a universal constant, the conclusion of the
lemma follows from
|Ω∩B 2
3 L+H
|−Z . Zeff.
Since |Ω∩BR |− Z . Zeff from Lemma 8, it suffices to consider the case 23 L+H > R and to show
that
(26) |Ω∩ A
R, 23 L+H
|. Zeff.
We now claim that by the choice of {xk },
(27) Ω∩ A
R, 23 L+H
⊂
N⋃
k=1
B2(xk ).
Indeed, if there exists x ∈ A
R, 23 L+H
such that x ∈Ω in the sense of (3) and x 6∈⋃k B2(xk ), we have
|x−xk | ≥ 2 and also
R ≤ |x| ≤ 2
3
L+H < L = max
1≤k≤N
|xk |.
thanks to 13 L ≥ 13 R &RZ ∼ Z 1/3 ÀH . Therefore |x| < |xk | for some k, which violates the definition
of xk . (26) now follows from (27), since N . Zeff. 
We now use once more the connectedness to argue that the electrostatic energy coming from
the charge outside of 23 L and away from the {xk }’s is substantial.
Lemma 12. We have for the Coulomb energy of the set Ω̂ defined in Lemma 10
(28)
1
2
∫
Ω̂
∫
Ω−(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy dx &
∣∣Ω̂∣∣ ln H & (V −Z ) ln H .
Proof. By Lemma 11, it suffices to show that for any x ∈ Ω̂
1
2
∫
Ω−(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy & ln H .
We take the largest integer M such that
(29) 2M ≤H −2.
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By Lemma 10, there exist points y1, y2, · · · , yM such that for i = 1, · · · , M
yi ∈ ∂B2i (x) and yi ∈Ω in the sense of (3).
Indeed, we have for the inner trace χi of the characteristic function χ ofΩ that
∫
∂B2i
χi dH 2 > 0.
Take an dH 2|∂B2i -Lebesgue point yi of χi with χi (yi )= 1. Such a choice satisfies the conditions.
See Figure 2 for an illustration.
  L+ H
Rz
 H B1(x1) H
B1(x4)
B1(y4)B1(y3)
B1(y2)
B1(y1)
x
FIGURE 2. A point x ∈ Ω̂ and the sequence of points {y1, . . . , yM } as in the proof
of Lemma 12.
We note that for fixed i = 1, . . . , M we have
|yi | ≥ |x|− |yi −x| ≥ 23 L+H −2M
(29)> 23 L+1,
and hence
(30) B1(yi )∩B 2
3 L
=;,
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so that (22) in Lemma 9 holds on B1(yi ). Moreover, because of
|yi −xk | ≥ |x−xk |− |yi −x| ≥H −2M
(29)≥ 2
for any k = 1, . . . , N we have
B1(yi )∩
N⋃
k=1
B1(xk )=;.
Combined with (30), this gives
(31) B1(yi )∩
(
B 2
3 L
∪
N⋃
k=1
B1(xk )
)=;.
Therefore, (22) yields in particular
φyi (y
′)=
∫
Ω−B1(yi )
1
|y ′− y | dy −
Z
|y ′| > 0 for y
′ ∈B1(yi ).
Hence we may apply Lemma 1 to get
(32) |B1(yi )∩Ω|& 1.
Finally, by construction, {B1(yi )}i=1,...,M are pairwise disjoint so that for our fixed x ∈ Ω̂
1
2
∫
Ω−(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy
(31)≥ 1
2
M∑
i=1
∫
Ω∩B1(yi )
1
|x− y | dy
(32)
&
M∑
i=1
1
2i +1 ∼ ln M .
We conclude by returning to the choice of M . 
We are now ready to prove Proposition 7.
Proof of Proposition 7. SupposeΩ is a minimizer with V −Z À Zeff. First note that∫ 2
3 L+H
2
3 L
|∂Br ∩Ω|dr = |Ω∩ A 2
3 L,
2
3 L+H
| ≤ |Ω∩ A
RZ ,
2
3 L+H
| = |Ω∩B 2
3 L+H
|− |Ω∩BRZ |. Zeff,
where in the last inequality, we have used (26) and (17). Therefore, there exists a r0 ∈ [ 23 L, 23 L+H ]
such that
(33) |∂Br0 ∩Ω| ≤
× 2
3 L+H
2
3 L
|∂Br ∩Ω|dr . 1
H
Zeff ≤ Zeff.
Let us consider the comparison set sΩ=Ω∩ (Br0 ∪⋃Nk=1 B1(xk )). We have an upper bound for
the energy of the setΩ (as in Lemma 4):
EZ (Ω)−EZ (sΩ)≤ E0(|Ω− sΩ|). |Ω− sΩ|+1.
Using Proposition 6, we have
|Ω− sΩ| ≤ |Ω−BRZ | = |Ω|− |BRZ |+ |BRZ −Ω| ≤V −Z +C Zeff.V −Z .
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The last two estimates combine to, as V −Z À 1,
(34) EZ (Ω)−EZ (sΩ).V −Z .
On the other hand,
(35)
EZ (Ω)−EZ (sΩ)≥−|∂(Br0 ∪∪k B1(xk ))∩Ω|
+
∫
Ω−sΩ dx
(∫
sΩ
1
|x− y | dy −
Z
|x|
)
+ 1
2
∫
Ω−sΩ
∫
Ω−sΩ
1
|x− y | dx dy
≥−|∂Br0 ∩Ω|−
N∑
k=1
|∂B1(xk )|
+
∫
Ω−sΩ dx
∫sΩ∩(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy −
Z
|x|

+
∫
Ω−sΩ
∫
sΩ−(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy dx+
1
2
∫
Ω−sΩ
∫
Ω−sΩ
1
|x− y | dx dy
≥−C Zeff+
∫
Ω−sΩ dx
∫sΩ∩(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy −
Z
|x|

+ 1
2
∫
Ω−sΩ
∫
sΩ−(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy dx+
1
2
∫
Ω−sΩ
∫
Ω−sΩ
1
|x− y | dx dy,
where we have used (33) and that N . Zeff to obtain the last inequality. To further estimate the
right hand side, we observe that since r0 ≥ 23 LsΩ∩ (B 2
3 L
∪ ⋃
k
B1(xk )
)
= (Ω∩Br0 )∩
(
B 2
3 L
∪ ⋃
k
B1(xk )
)
=Ω∩
(
B 2
3 L
∪ ⋃
k
B1(xk )
)
,
and also
Ω− sΩ=Ω− (Br0 ∪ ⋃
k
B1(xk )
)
⊂ (B 2
3 L
)c .
Therefore, using Lemma 9, the second term on the right hand side of (35) is non-negative. Thus,
we obtain
EZ (Ω)−EZ (sΩ)≥−C Zeff+ 12
∫
Ω−sΩ
∫
Ω−(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy dx,
where the last two terms on the right hand side of (35) have been combined. Since r0 ≤ 23 L+H ,
we have Ω̂⊂Ω− sΩ=Ω− (Br0 ∪ ⋃k B1(xk )), and hence
EZ (Ω)−EZ (sΩ)≥−C Zeff+ 12
∫
Ω̂
∫
Ω−(B 2
3 L
∪⋃k B1(xk ))
1
|x− y | dy dx
(28)≥ −C Zeff+
1
C
(V −Z ) ln H .
Combining with the upper bound (34), we obtain
1
C
(V −Z ) ln H −C Zeff ≤V −Z ,
or equivalently, as Zeff ¿ (V −Z ), (V −Z ) ln H .V −Z . Hence, we get a contradiction by choosing
H sufficiently large. This concludes the proof. 
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2. PROOF OF THE DENSITY LEMMA 1
We now prove the Density Lemma 1, and so complete the proof of Theorem 1. Let us recall
and reformulate the set up first. For simplicity of notation, up to a translation, we may assume
that the ball considered in Lemma 1 is centered at the origin. Define the energy functional
(36) Eφ(Ω)= |∂Ω∩B |+
∫
B
φχΩ+ 1
2
Ï
B×B
χΩ(x)χΩ(y)
|x− y | dx dy
such that φ > 0 and ∆φ = 0 in B (note that by our assumption the nucleus is outside the ball).
This is the local (in B) contribution to the total energy when the set Ω is fixed outside the ball.
The optimality ofΩ then implies
(37)
Eφ(Ω)≤ Eφ(Ω′)+E0
(|Ω|− |Ω′|)
for allΩ′ such that |Ω′| ≤ |Ω| andΩ′∆Ω⊂⊂B.
Here Ω′∆Ω = (Ω′−Ω)∪ (Ω−Ω′) is the symmetric difference between two sets. Note that we do
not require that the volume |Ω′∩B | equals to |Ω∩B | as we have the freedom to remove part of
the mass from the ball B and put it far away fromΩ and pay energy E0(|Ω|−|Ω′|) (as in Lemma 4).
Our goal is to show that if the origin is in the optimal setΩ in the measure-theoretic sense of (3),
the volume |Ω∩B | is at least a universal constant δ> 0.
Let us give a sketch of the proof here. The first step is to reduce by dilating the ball to BR to
the case that sup|∇φ| is small and the volume inside is 1 as in Section 2.1. Then we consider
the problem on a slightly smaller ball BR0 for R0 ∈ [R − 1,R], so that we may assume that the
intersection ofΩ and the boundary of that ball |Ω∩∂BR0 | is at most 1. The proof is completed by
considering separately the case that Ω has a negligible volume inside BR0 (Section 2.2) and the
case that |Ω∩BR0 | consists of a large fraction of |Ω| (Section 2.3). In both cases, we compare the
minimizer with sets obtained by local deformation inside the ball.
2.1. Scaling argument. Let us start with the following lemma which states that the potential φ
cannot be too small if |∇φ| is large.
Lemma 13. Let φ satisfy the equation
(38) −∆φ= 4piχΩ in B2
for some setΩ and assume that φ≥ 0 on B1. We then have
(39) sup
B1
|∇φ|. inf
B1
φ+1.
Proof. Define ψ as
ψ(x)=
∫
B2
1
|x− y |χΩ(y)dy.
Then h =φ−ψ+2pi is harmonic in B2 and non-negative since
ψ(x)≤
∫
B2
1
|x− y | dy ≤
∫
B2
1
|y | dy = 2pi.
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Using interior regularity for h in terms of
sup
B1
|∇h|. sup
B3/2
h
and then the Harnack’s inequality, i.e.,
sup
B3/2
h. inf
B3/2
h. inf
B1
h,
we obtain by definition of h
sup
B1
|∇φ| ≤ sup
B1
|∇h|+ sup
B1
|∇ψ|
. inf
B1
h+ sup
B1
|∇ψ|
≤ inf
B1
φ+2pi+ sup
B1
|∇ψ|
≤ inf
B1
φ+C .

Defining for setsΩ⊂BR
(40) Eφ,R (Ω)= |∂Ω∩BR |+
∫
BR
φχΩ+ 1
R3
1
2
Ï
BR×BR
χΩ(x)χΩ(y)
|x− y | dx dy,
we now show that it suffices to consider the following equivalent formulation of Lemma 1.
Lemma 14. LetΩ be a set with 0 ∈Ω (in the sense of (3)) and |Ω∩BR | = 1 that satisfies
Eφ,R (Ω)≤ Eφ,R (Ω′)+R2E0
(
R−3(|Ω|− |Ω′|))
for allΩ′ such that |Ω′| ≤ |Ω| andΩ′∆Ω⊂⊂BR ,
where φ> 0, ∆φ= 0 and supBR |∇φ| ≤ 1/R. Then we have R . 1.
We prove Lemma 1 assuming Lemma 14, which in turn will be proved in the remaining of this
section.
Proof of Lemma 1. Let M be a large universal constant that we will fix later, we will proceed in
two cases depending whether supB1(x)|∇φx | ≤M or not, where we recall that
φx (y)=
∫
Ω−B1(x)
1
|y − z| dz−
Z
|y | .
Without loss of generality, we may assume x = 0 (by a translation) and |Ω∩B1| ≤ 1, we also sim-
plify the notation and denote φ=φx .
Case 1. supB1 |∇φ| ≤ M . In this case, we will dilate the ball B1 to a ball with large radius so
that the dilated set has volume 1 inside. For this, we use a change of variable x 7→ Rx, with R3 =
1/|Ω∩B1|, and define
Ω˜= {x | x/R ∈Ω};
φ˜(x)= 1
R
φ(x/R).
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We have then
Eφ(Ω)= 1
R2
|∂Ω∩BR |+ 1
R2
∫
BR
φ˜χΩ˜+
1
R5
1
2
Ï
BR×BR
χΩ˜(x)χΩ˜(y)
|x− y | dx dy =
1
R2
Eφ˜,R (Ω˜),
by the definition of Eφ,R in (40). Also it is easy to see that
sup
BR
|∇φ˜| ≤M/R2.
Without loss of generality, we may assume that M/R ≤ 1 (as otherwise, |Ω∩B1| = 1/R3 ≥ M−3,
which readily implies Lemma 1). Hence, we get supBR |∇φ˜| ≤ 1/R. Applying Lemma 14 to Ω˜ and
φ˜, we obtain that R . 1, and hence
|Ω∩B1|& 1.
Case 2. supB1 |∇φ| >M . Lemma 13 then implies, by taking M sufficiently large, that
(41) C0 = inf
B1
φ& sup
B1
|∇φ|−1À 1.
For r ∈ [0,1), consider the competitor setΩ′ =Ω−Br ; we have (as in Lemma 4)
Eφ(Ω)≤ Eφ(Ω′)+E0
(|Ω|− |Ω′|),
which implies that
|∂(Ω∩Br )|+ |Ω∩Br | inf
B1
φ+ 1
2
Ï
(Ω∩Br )×(Ω∩Br )
1
|x− y | dx dy ≤ 2|Ω∩∂Br |+E0(|Ω∩Br |).
Since E0(|Ω∩Br |)≤E0(Ω∩Br ), we arrive at
|Ω∩Br | ≤ 2
infB1 φ
|Ω∩∂Br | = 2
C0
|Ω∩∂Br |.
Using |Ω∩∂Br | = ddr |Ω∩Br |, this yields
|Ω∩Br | ≤ exp
(
−1− r
2
C0
)
|Ω∩B1|.
Together with |Ω∩B1| ≤ 1, we obtain
(42) |Ω∩B 1
2
| ≤ exp
(
−1
4
C0
)
.
Since by assumption, 0 ∈Ω in the sense of (3), we have |Ω∩B 1
2
| > 0, so that we may as in Case 1
dilate the ball B 1
2
to BR such that |Ω˜∩BR | = 1. By (42) we have
R ≥ exp
( 1
12
C0
)
.
For the dilated potential, we have
sup
BR
|∇φ˜| ≤ 1
R2
sup
B1
|∇φ|
(41)
. 1
R2
C0 ≤ 1
R
C0 exp
(
− 1
12
C0
)
,
so that Lemma 14 is applicable for C0 À 1 (i.e., M À 1), yielding R . 1 and thus |Ω∩B 1
2
|& 1. 
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To prove Lemma 14, first observe that, while we do not have a priori control on |Ω∩∂BR |, we
have ∫ R
R−1
|Ω∩∂Br |dr = |Ω∩ AR−1,R | ≤ 1.
It results that, there exists R0 ∈ [R −1,R] such that |Ω∩∂BR0 | ≤ 1. We will proceed with the proof
of Lemma 14 in two cases, depending on how much volume the setΩ∩BR0 has
Case 1. |Ω∩BR0 | ≤ 1/2, studied in Section 2.2, and
Case 2. |Ω∩BR0 | ≥ 1/2, studied in Section 2.3.
Without loss of generality, we will always assume R À 1 as otherwise, there is nothing to prove.
2.2. Proof of Lemma 14: Case |Ω∩BR0 | ≤ 1/2. Since |Ω∩BR | = 1, we have |Ω∩ AR0,R | ≥ 1/2.
F
BR
Br+
Br
Ω
∂
∂
Ω
Ω' Ω( )F=
Br+
Br+h/2
h/2
h/2
h/2
FIGURE 3. The set Ω in BR and the deformation Fλ acting on Ω−Br+h/2 as in
the proof of Lemma 14.
In this case, we will use a deformation Fλ (see Figure 3) that stretches the annulus A 3
4 R,R
into
the annulus A(1−λ) 34 R,R in a radially symmetric way: For a point (r,ω) in the spherical coordinate,
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r ∈ [ 34 R,R] and ω ∈S2
(43) Fλ(r,ω)=
(
fλ(r ),ω
)
:= (r −λ(R− r ),ω).
For the set after the deformation, we have the following result. It states that the deformation
increases the volume of the set, without increasing too much the energy Eφ,R of the set.
Proposition 15. Let E ⊂ A 3
4 R,R
be a set of finite perimeter, we have for λ¿ 1
|Fλ(E)|− |E |&λ|E |;(44) ∣∣∂Fλ(E)∩BR ∣∣− ∣∣∂E ∩BR ∣∣.λ(∣∣∂E ∩BR ∣∣−|E ∩∂BR |+4R−1|E |);(45)
provided sup
BR
|∇φ| ≤ 1
R
:
∫
Fλ(E)
φ−
∫
E
φ.λ
∫
E
(φ+1);(46)
and moreover,
1
2
Ï
Fλ(E)×Fλ(E)
1
|x− y | dx dy −
1
2
Ï
E×E
1
|x− y | dx dy .λ
1
2
Ï
E×E
1
|x− y | dx dy.(47)
Remark. The appearance of the good term −|E ∩∂BR | on the r.h.s. of (45), together with the a
priori estimate in Lemma 16 below, will be crucial in the proof of Lemma 14.
Proof. We clearly have
|Fλ(x)−x|.λR,(48)
|∇Fλ(x)− Id|.λ, and thus(49)
|JFλ−1|.λ,(50)
where JFλ denotes the Jacobian of Fλ. Using the explicit form of Fλ, we see
JFλ(x)= (1+λ)
( fλ(|x|)
|x|
)2 |x|≥ 34 R≥ (1+λ)2(1− 1
3
λ
)2 = 1+ 1
3
λ+O (λ2),
so that
(51) JFλ−1&λ.
The estimates (44), (46), and (47) follow from the above properties of F , as we shall explain
now. For the volume, we have
|Fλ(E)|− |E | =
∫
E
(JFλ(x)−1)dx
(51)
& λ|E |.
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Next for the potential term, we calculate∫
Fλ(E)
φ−
∫
E
φ=
∫
E
φ(Fλ(x))JFλ(x)−φ(x)dx
=
∫
E
(
φ(Fλ(x))−φ(x)
)
JFλ(x)+φ(x)(JFλ(x)−1)dx
≤
∫
E
sup|∇φ|∣∣Fλ(x)−x∣∣|JFλ(x)|+φ(x)∣∣JFλ(x)−1∣∣dx
(48,49,50)
. λ
∫
E
(
R sup|∇φ|+φ
)
.λ
∫
E
(
1+φ),
where the last inequality uses sup|∇φ| ≤ 1/R. For the Coulomb repulsion term, we have
(52)
1
2
Ï
Fλ(E)×Fλ(E)
1
|x− y | dx dy =
1
2
Ï
E×E
1
|Fλ(x)−Fλ(y)|
JFλ(x)JFλ(y)dx dy.
Note that by mean value theorem,
|x− y | ≤ sup|∇F−1λ ||Fλ(x)−Fλ(y)|
(49)≤ (1+Cλ)|Fλ(x)−Fλ(y)|
for some universal constant C . Hence substituting this into (52) and using (50), we obtain
1
2
Ï
Fλ(E)×Fλ(E)
1
|x− y | dx dy −
1
2
Ï
E×E
1
|x− y | dx dy .λ
1
2
Ï
E×E
1
|x− y | dx dy.
Finally, we consider the estimate for the perimeter, which is more subtle. Recall that (see
e.g., [17, Proposition 17.1]) if E is a set of finite perimeter and G : Rn → Rn is a diffeomorphism,
then G(E) is still a set of finite perimeter, with (in classical analysis, this is the area formula)
νG(E)H
n−1 ∂∗G(E)= (G)#
[
JG(∇G−1 ◦G)∗νEH n−1 ∂∗E
]
.
In particular, applying the above formula to G = Fλ, we get∣∣∂Fλ(E)∩BR ∣∣= ∫
∂∗E∩BR
∣∣∣∣((1+λ) fλ(|x|)|x| ν′E ,
( fλ(|x|)
|x|
)2
νE ,r
)∣∣∣∣dH 2,
≤
∫
∂∗E∩BR
∣∣∣((1+λ)ν′E ,νE ,r )∣∣∣dH 2,
where we write νE = (ν′E ,νE ,r ) with νE ,r parallel to the radial direction xˆ = x|x| and ν′E ⊥ xˆ and we
have used in the inequality for r ≤R,
fλ(r )
r
= 1−λR− r
r
≤ 1.
Using |νE | = 1 on ∂∗E , we have further∣∣∂Fλ(E)∩BR ∣∣≤ ∫
∂∗E∩BR
(
(1+λ)2(1−ν2E ,r )+ν2E ,r
)1/2
dH 2
≤
∫
∂∗E∩BR
(
1+3λ(1−ν2E ,r )
)1/2
dH 2
≤
∫
∂∗E∩BR
(
1+3λ(1−|νE ,r |)
)1/2
dH 2.
AN ISOPERIMETRIC PROBLEM WITH COULOMB REPULSION AND ATTRACTION TO A BACKGROUND NUCLEUS 21
Subtracting |∂E ∩BR |, we arrive at∣∣∂Fλ(E)∩BR ∣∣− ∣∣∂E ∩BR ∣∣≤ ∫
∂∗E∩BR
[(
1+3λ(1−|νE ,r |)
)1/2−1]dH 2
.λ
∫
∂∗E∩BR
1−|νE ,r |dH 2 =λ
(∣∣∂E ∩BR ∣∣−∫
∂∗E∩BR
|νE ,r |dH 2
)
.
In order to relate to |E ∩∂BR |, recall the divergence theorem∫
E
divT (x)dx =
∫
∂∗E∩BR
T ·νE dH 2−
∫
E∩∂BR
T · xˆ dH 2.
Applying this to T = xˆ = x|x| , using that E ⊂ A 34 R,R stays away from the singularity at x = 0, we get∫
∂∗E∩BR
|νE ,r |dH 2 ≥
∣∣∣∣∫
∂∗E∩BR
T ·νE dH 2
∣∣∣∣
≥ |E ∩∂BR |−
∫
E∩BR
2
|x| dx ≥ |E ∩∂BR |−
4
R
|E |.
Substituting this into the previous inequality, we obtain the desired estimate for the perimeter.
This concludes the proof of the proposition. 
To apply Proposition 15, the following a priori estimate will be useful.
Lemma 16. Under the same assumption as in Lemma 14, we have
(53) Eφ,R (Ω)−|Ω∩∂BR |. 1.
Proof. The idea is to compareΩ to the setΩ′ =Ω−BR , which however is not quite possible since
it changesΩ near the boundary of BR . Thus, we “coat”Ω∩∂BR with a very thin layer and put the
excessive volume at infinity, the optimality ofΩ together with Lemma 4 then give us
Eφ,R (Ω)−|Ω∩∂BR | ≤R2E0(R−3|Ω∩BR |)=R2E0(R−3). 1.

We are now ready to prove Lemma 14. The idea is to compare the minimizer with a competitor
by taking away the miminizer in the annulus Ar−h/2,r+h/2 for r ∈ [ 34 R, 78 R] and h ∈ (0,1]. The
volume lost by cutting V (h) = |Ω∩ Ar−h/2,r+h/2| is compensated by deforming Ω−Br+h/2 as in
Proposition 15. The comparison then leads to a differential inequality for V (h), which gives a
universal lower bound of the volume |Ω∩ Ar−1/2,r+1/2| for each r ∈ [ 34 R, 78 R], and hence an upper
bound of the radius R.
Proof of Lemma 14 in the case |Ω∩BR0 | ≤ 1/2. We will show that
(54) |Ω∩ Ar−1/2,r+1/2|& 1, for r ∈
[3
4
R,
7
8
R
]
.
This in turn gives an upper bound on R as
R
8
.
∫ 7
8 R
3
4 R
|Ω∩ Ar−1/2,r+1/2|dr ≤ |Ω∩BR | = 1.
Therefore, it suffices to show (54).
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Fixing r ∈ [ 34 R, 78 R] and taking h ∈ (0,1], we denote
V (h)= ∣∣Ω∩ Ar−h/2,r+h/2∣∣.
We now compare the setΩwithΩ′ given by (see Figure 3)
Ω′ = Fλ(Ω−Br+h/2)
for λ chosen such that
|Fλ(Ω−Br+h/2)|− |Ω−Br+h/2| = |Ω∩ Ar−h/2,r+h/2| =V (h),
so that the volume of the competitor is the same as of Ω−Br−h/2. Since we may without loss of
generality assume that
(55) V (h)¿ 1,
and since |Ω−Br+h/2| ≥ |Ω∩ AR0,R | ≥ 1/2, this is possible by Proposition 15 and we have
(56) λ.V (h).
Using again Proposition 15, we thus obtain
|∂Ω′∩BR |− |∂(Ω−Br+h/2)∩BR |.λ
(|∂(Ω−Br+h/2)∩BR |− |Ω∩∂BR |+4R−1)
.λ
(|∂Ω∩BR |− |Ω∩∂BR |+ |Ω∩∂Br+h/2|+4R−1);∫
Ω′
φ−
∫
Ω−Br+h/2
φ.λ
∫
Ω
(φ+1);
1
2
Ï
Ω′×Ω′
1
|x− y | dx dy −
1
2
Ï
(Ω−Br+h/2)×(Ω−Br+h/2)
1
|x− y | dx dy .λ
1
2
Ï
Ω×Ω
1
|x− y | dx dy.
Adding up, we obtain
(57) Eφ,R
(
Ω′
)−Eφ,R(Ω−Br+h/2).λ(1+Eφ,R (Ω)−|Ω∩∂BR |+|Ω∩∂Br+h/2|).λ(1+|Ω∩∂Br+h/2|)
where in the second inequality, we have used Eφ,R (Ω)− |Ω∩ ∂BR | . 1 from Lemma 16. By the
optimality ofΩ, we have
(58) Eφ,R (Ω)≤ Eφ,R (Ω′)+R2E0
(
R−3(|Ω|− |Ω′|))= Eφ,R (Ω′)+R2E0(R−3|Ω∩Br−h/2|).
Furthermore, by the definition of Eφ,R and since φ> 0 in BR , we get
(59) Eφ,R (Ω)≥ Eφ,R (Ω−Br+h/2)+Eφ,R (Ω∩Br−h/2)
+|∂Ω∩ Ar−h/2,r+h/2|− |Ω∩∂Br−h/2|− |Ω∩∂Br+h/2|,
and also
(60) R2E0
(
R−3|Ω∩Br−h/2|
)≤ Eφ,R (Ω∩Br−h/2).
Combining together the above four inequalities (57)–(60), we arrive at
|∂Ω∩ Ar−h/2,r+h/2| ≤ |Ω∩∂Br−h/2|+ |Ω∩∂Br+h/2|+Cλ
(
1+|Ω∩∂Br+h/2|
)
.
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Therefore,
|∂(Ω∩ Ar−h/2,r+h/2)| ≤ |∂Ω∩ Ar−h/2,r+h/2|+ |Ω∩∂Br−h/2|+ |Ω∩∂Br+h/2|
. |Ω∩∂Br−h/2|+ |Ω∩∂Br+h/2|+λ.
Using the isoperimetric inequality, we have
|∂(Ω∩ Ar−h/2,r+h/2)|& |Ω∩ Ar−h/2,r+h/2|2/3 =V (h)2/3.
Hence, combined with (56), we get
V ′(h)= |Ω∩∂Br−h/2|+ |Ω∩∂Br+h/2| ≥
1
C0
V (h)2/3−C0V (h)
(55)
& V (h)2/3.
Thus for V (h). 1 the above inequality yields
V ′(h)&V (h)2/3, or equivalently
(
V (h)1/3
)′& 1,
where we have used that V (h)> 0 for any h > 0, as otherwise,Ω∩Br (which is non-empty as 0 ∈Ω)
is disconnected with the rest of the set, which is impossible as the optimalΩ has to be connected
inside BR by a similar argument as in the proof of Lemma 10. The last inequality implies the
desired (54) by integration. 
2.3. Proof of Lemma 14: Case |Ω∩BR0 | ≥ 1/2. After a suitable dilation by a factor of most two
such that the volume Ω∩BR0 expands to 1, it suffices to prove Lemma 14 under the additional
assumption that |Ω∩∂BR |. 1.
LetΩ be the optimal set, using Lemma 16 and |Ω∩∂BR |. 1, we have
(61) Eφ,R (Ω)≤
(
Eφ,R (Ω)−|Ω∩∂BR |
)+|Ω∩∂BR |. 1,
which, using the definition of Eφ,R we upgrade to
(62) |∂(Ω∩BR )| ≤ |∂Ω∩BR |+ |Ω∩∂BR | ≤ Eφ,R (Ω)+|Ω∩∂BR |. 1.
Let us now show that we can find a ball of radius 1 inside BR such that the optimal set has a
non-trivial amount of volume inside the ball, as stated in the following lemma.
Lemma 17. There exists a ball B ⊂BR of radius 1 such that
|Ω∩B |& 1, |B −Ω|& 1, and |∂Ω∩B |. 1.
Proof. The latter two requirements are satisfied by any choice of B , since |B−Ω| ≥ |B |−|Ω∩BR | ≥
|B1| −1 as |Ω∩BR | = 1, and |∂Ω∩B | ≤ |∂(Ω∩BR )|. 1. Hence, it suffices to find a ball such that
the first requirement |Ω∩B |& 1 is satisfied.
Consider a smooth symmetric convolution kernel ϕδ of support in Bδ with δ¿ 1 to be deter-
mined. Note that for χ=χΩ∩BR∫
BR
|ϕδ∗χ−χ|. δ
∫
|∇χ| ≤ δ|∂(Ω∩BR )|. δ.
We choose δ sufficiently small such that
(63)
∫
BR
|ϕδ∗χ−χ| < 1/2.
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This implies that at some point x ∈BR , we have (ϕδ∗χ)(x)> 1/2. Since otherwise, if supϕδ∗χ≤
1/2, we would have ∫
BR
|ϕδ∗χ−χ| ≥
∫
Ω
1
2
= 1
2
,
which contradicts (63). It follows then B1(x) is a ball satisfying all the conditions. 
We now deform the set inside B in a way that the perimeter increases not more than propor-
tionally to the increase of the volume. This is a crucial proposition which plays the same role as
Proposition 15 in Section 2.2. Actually, the remainder of the proof of Lemma 14 is similar to that
in Section 2.2 after Proposition 15: Instead of deforming the set Ω−Br+h/2, we deform the set
Ω∩B given in Lemma 17 to compensate for the volume in |Ω∩ Ar−h/2,r+h/2|. We will omit the
details, as the arguments are parallel.
Proposition 18. Suppose we are given a setΩ and a radius-1 ball B with
|Ω∩B |& 1, |B −Ω|& 1, and |∂Ω∩B |. 1.
Then for every λ¿ 1, there exists a setΩ′ withΩ′∆Ω⊂⊂B and
|Ω′|− |Ω|&λ;(64)
|∂Ω′∩B |− |∂Ω∩B |.λ;(65) ∫
Ω′
φ−
∫
Ω
φ.λ
(
1+
∫
Ω
φ
)
;(66)
1
2
Ï
Ω′×Ω′
1
|x− y | dx dy −
1
2
Ï
Ω×Ω
1
|x− y | dx dy .λ
1
2
Ï
Ω×Ω
1
|x− y | dx dy.(67)
The proof of Proposition 18 follows a similar argument as the proof of Proposition 15. Instead
of using an explicit formula to define Fλ, the deformation Fλ(x) in the current case is given by the
solution map generated by a vector field ξ:
d
dλ
Fλ = ξ
(
Fλ
)
, F0(x)= x,
where the vector field is constructed by the following lemma.
Lemma 19. Under the assumptions of Proposition 18, there exists ξ : B →R3 compactly supported
such that ∫
Ω
∇·ξ= 1 and ‖ξ‖C 2(B). 1.
Let us first prove the proposition assuming Lemma 19.
Proof of Proposition 18. We take Ω′ = Fλ(Ω) for the deformation Fλ constructed above. Using
‖ξ‖C 2(B). 1 from Lemma 19, we have for x ∈Ω
(68) |Fλ(x)−x|.λ, |∇Fλ(x)− Id|.λ, and |JFλ(x)−1|.λ.
Thus, the estimates (66) and (67) follow from similar calculations in the proof of Proposition 15.
The perimeter estimate is in fact more straightforward now as |∂(Ω∩B)|. 1, and hence we will
omit the details.
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For the volume, note that by Liouville’s formula and Lemma 19, we have
d
dλ
|Fλ(Ω)| =
d
dλ
∫
Ω
JFλ(x)dx =
∫
Ω
(∇·ξ)(Fλ(x))JFλ(x)dx.
Since
∫
Ω∇·ξ= 1 from Lemma 19, we have∣∣∣∣ ddλ |Fλ(Ω)|−1
∣∣∣∣= ∣∣∣∣∫
Ω
(∇·ξ)(Fλ(x))JFλ(x)dx−
∫
Ω
(∇·ξ)(x)dx
∣∣∣∣
≤
∣∣∣∣∫
Ω
(∇·ξ)(x)(JFλ(x)−1)dx
∣∣∣∣+ ∣∣∣∣∫
Ω
(
(∇·ξ)(Fλ(x))− (∇·ξ)(x)
)
JFλ(x)dx
∣∣∣∣
≤ ‖ξ‖C 1(B)
∫
Ω
|JFλ−1|+‖ξ‖C 2(B)
∫
Ω
|Fλ(x)−x||JFλ(x)|dx
(68)
. λ‖ξ‖C 2(B).λ,
where the last inequality follows from ‖ξ‖C 2(B). 1. Hence, we arrive at the estimate (64) as
|Ω′|− |Ω| = |Fλ(Ω)|− |Ω| =
∫ λ
0
d
dλ′
|Fλ′ (Ω)|dλ′&λ.

We conclude this section by proving Lemma 19.
Proof of Lemma 19. For δ¿ 1 to be fixed later consider
• a smooth radial cut-off function ηδ of B1−δ in B ;
• a smooth symmetric convolution kernel ϕδ of support in Bδ.
Let sf denote the spatial average of f on B . Let χ denote the characteristic function of Ω, for
simplicity.
Solve the Neumann problem
−∆v =ϕδ∗
[
η2δ
(
χ−
Ěη2
δ
χĎη2
δ
)]
in B ,(69)
ν ·∇v = 0 on ∂B.(70)
Note that it is solvable because the r.h.s. has average zero on Rd and is compactly supported in
B . We set
ξ=−ηδ∇v
and note that ξ is smooth uniformly in χ for fixed δ > 0. More precisely, since η2
δ
(
χ−
Ěη2
δ
χĎη2
δ
)
is
bounded in L2 uniformly in χ, the r.h.s. ϕδ ∗
[
η2
δ
(
χ−
Ěη2
δ
χĎη2
δ
)]
of (69) is bounded in any norm uni-
formly in χ. Therefore, by elliptic regularity theory v and thus ξ is bounded in any norm, in
particular ‖·‖C 2 uniformly in χ for fixed δ> 0.
Hence, it is enough to show∫
Ω
∇·ξ≥ 1
C
min
{|B ∩Ω|, |B −Ω|}−Cδ|B ∩∂Ω|−Cδ1/2.
26 JIANFENG LU AND FELIX OTTO
Indeed, ∫
Ω
∇·ξ=
∫
B
χ∇·ξ=−
∫
B
ηδχ∆v −
∫
B
χ∇ηδ ·∇v
≥
∫
B
η2δ
(
χ−
Ěη2
δ
χĎη2
δ
)
ϕδ∗ (ηδχ)−
∫
B
|∇ηδ ·∇v |
≥
∫
B
η2δ
(
χ−
Ěη2
δ
χĎη2
δ
)
ηδχ−
∫
B
|ϕδ∗ (ηδχ)−ηδχ|−
∫
B
|∇ηδ ·∇v |.
We consider the first term and note
∫
B
η2δ
(
χ−
Ěη2
δ
χĎη2
δ
)
ηδχ=
|B |Ďη2
δ
Ěη3
δ
χη2
δ
(1−χ)& |B1−δ∩Ω||B1−δ−Ω|
≥ 1
C
(|B ∩Ω|−Cδ)(|B −Ω|−Cδ)≥ 1
C
min
{|B ∩Ω|, |B −Ω|}−Cδ.
We now treat the second term:∫
B
|ϕδ∗ (ηδχ)−ηδχ|. δ
∫
|∇(ηδχ)|. δ(|B ∩∂Ω|+1).
We finally address the last term: We note that the r.h.s. of (69) is bounded in L2 uniformly in δ
and χ. By H 2-regularity, this implies ∫
B
|∇2v |2. 1.
In view of the boundary condition (70), this implies by Hardy’s inequality∫
B
1
(1−|x|)2 |x ·∇v |
2 dx . 1.
Since ηδ is radially symmetric:∫
B
|∇ηδ ·∇v |.
1
δ
∫
B−B1−δ
|x ·∇v |dx
. 1
δ
(∫
B−B1−δ
(1−|x|)2 dx
∫
B−B1−δ
1
(1−|x|)2 |x ·∇v |
2 dx
)1/2
. 1
δ
(δ3)1/2 = δ1/2.
The proof is concluded by combining the above estimates. 
3. PROOF OF THEOREM 2
We now prove Theorem 2. It is more convenient to rescale the problem such that we consider
sets with volume equal to a unit ball.
(71) EV ,Z (Ω) := |∂Ω|+ V|B1|
1
2
Ï
Ω×Ω
1
|x− y | dx dy −Z
∫
Ω
1
|x| dx.
The key element of the proof is the version of the quantitative isoperimetric inequality [11]:
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Lemma 20. There exists a universal constant cisop such that ∀Ω⊂R3 with volume |Ω| = |B1|,
(72) |∂Ω|− |∂B1| ≥ cisopγ(Ω)
where γ(Ω) is defined as
γ(Ω) :=
∫
B1
1
|x| dx−
∫
Ω
1
|x| dx.
Proof of Theorem 2. Define
u = 1|x| ∗ (χB1 −χΩ).
It is clear that u is a superharmonic function in B1. Note that we have
(73) u(0)=
∫
B1
1
|x| dx−
∫
Ω
1
|x| dx = γ(Ω),
and also
(74)
Ï
B1×B1
1
|x− y | dx dy −
Ï
Ω×Ω
1
|x− y | dx dy ≤
Ï
R3×R3
χB1 (x)
|x− y |
(
χB1 (y)−χΩ(y)
)
dx dy
=
∫
B1
u ≤ |B1|u(0),
where the last inequality follows as u is superharmonic in B1.
Now if V −Z < cisop, we have for anyΩ⊂R3 that |Ω| = |B1|,
EV ,Z (B1)−EV ,Z (Ω)≤ |∂B1|− |∂Ω|+ (V −Z )u(0)
≤−cisopγ(Ω)+ (V −Z )γ(Ω)≤ 0,
where the first inequality follows from (73) and (74) and the second follows from Lemma 20. This
concludes the proof that the optimal setΩmust be the ball B1. 
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